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An almost complex Chern-Ricci flow
Tao Zheng
Abstract. We consider the evolution of an almost Hermitian metric by the (1, 1) part of its Chern-
Ricci form on almost complex manifolds. This is an evolution equation first studied by Chu and
coincides with the Chern-Ricci flow if the complex structure is integrable and with the Ka¨hler-
Ricci flow if moreover the initial metric is Ka¨hler. We find the maximal existence time for the
flow in term of the initial data and also give a convergence result. As an example, we study this
flow on the (locally) homogeneous manifolds in more detail.
1. Introduction
Let (M,J) be a compact almost complex manifold (without boundary) with dimRM = 2n, where
J is the almost complex structure. Then assume that g0 is an almost Hermitian metric on (M,J),
i.e., g0 is a Riemannian metric satisfying g0(JX, JY ) = g0(X,Y ) for any vector fields X and Y .
Associated to g0 is a unique real (1, 1) form ω0 defined by ω0(X,Y ) := g0(JX, Y ) for any vector
fields X and Y and vice versa. In what follows, we will not distinguish the two terms.
Since Hamilton [18] introduced the Ricci flow, it has established many deep results in topological,
smooth and Riemannian manifolds (see for example [2, 19, 26]). Next, we consider the parabolic
flows of metrics on M starting at g0 which preserve the Hermitian condition and reveal the
information about the structure of M as a complex manifold. When g0 is a Ka¨hler metric, i.e.,
dω0 = 0, the Ricci flow does exactly this and it is called the Ka¨hler-Ricci flow firstly introduced
by Cao [3]. The behavior of the Ka¨hler-Ricci flow is deeply intertwined with the complex and
algebro-gemetric properties of M (see for example [3, 5, 4, 13, 27, 28, 31, 32, 33, 34, 35, 36, 37,
38, 42, 45, 46, 48, 49, 57, 58, 61]).
If the Hermitian metric g0 is not Ka¨hler, then there are two types of Ricci curvature which are
equal to each other when dω0 = 0. There are also two types of the evolution of the Hermitian
metric. One is the Chern-Ricci flow which firstly introduced by Gill [15] when the first Bott-
Chern class vanishes and is studied deeply by Tosatti and Weinkove (and Yang) [53, 54, 55]. The
Chern-Ricci flow is a natural evolution equation on complex manifolds and its behavior reflects
the underlying geometry (see also [12, 16, 17, 22, 23, 25, 62, 64] and references therein). Another
type of the evolution of Hermitian metric was introduced by Streets and Tian [39, 40, 41] (see
also [24]) and was generalized to almost Hermitian manifolds by Vezzoni [59].
Given F ∈ C∞(M,R), Chu, Tosatti and Weinkove [10] solved the following Monge-Ampe`re equa-
tion on almost Hermitian manifold
(ω0 +
√−1∂∂ϕ)n = eF+bωn0(1.1)
ω0 +
√−1∂∂ϕ > 0, supϕ = 0,
2010 Mathematics Subject Classification. 32Q60, 32W20, 35K96, 53C15.
Key words and phrases. evolution equation, almost Hermitian metric, maximal time existence, the Chern-Ricci
form.
Supported by National Natural Science Foundation of China grant No. 11401023, and the author’s post-doc is
supported by the European Research Council (ERC) grant No. 670846 (ALKAGE).
1
Tao Zheng An almost complex Chern-Ricci flow
for a unique b ∈ R, where √−1∂∂ϕ = 12 (dJdϕ)(1,1) (see (2.14) in Section 2). When J is integrable
and ω0 is Ka¨hler, (1.1) was solved by Yau [63] to confirm the Calabi conjecture. Tosatti and
Weinkove [52] solved (1.1) for any dimension if J is integrable (see also [7, 51]).
In this paper, we consider the evolution equation for almost Hermitian forms suggested by Chu,
Tosatti and Weinkove [10]
∂ωt
∂t
= −Ric(1,1)(ωt), ω(0) = ω0(1.2)
on almost Hermitian manifold (M,ω0, J). Here for convenience, we call Ric
(1,1)(ω) is the (1, 1)
part of the Chern-Ricci form of ω. This flow coincides exactly with the Chern-Ricci flow if J is
integrable, and the Ka¨hler-Ricci flow if furthermore ω0 is Ka¨hler.
Chu [9] firstly studied the flow (1.2) in the case where there exists an almost Hermitian metric
ω0 with Ric
(1,1)(ω0) =
√−1∂∂F for some F ∈ C∞(M,R) and proved that the solution to (1.2)
exists for all the time and converges to an almost Hermitian metric ω∞ with Ric
(1,1)(ω∞) = 0
(see more details in Section 7).
In this paper, we characterize the maximal existence time for a solution for the flow (1.2). For
this aim, we rewrite the flow as
∂ωt
∂t
= −Ric(1,1)(ω0) +
√−1∂∂θ(t), with θ(t) = log ω
n
t
ωn0
.
Hence, as long as the flow exists, the solution ωt starting at ω0 must be of the form ωt =
αt +
√−1∂∂Υ(t) with ∂Υ∂t = θ(t) and αt = ω0 − tRic(1,1)(ω0). We define a number T = T (ω0)
with 0 < T ≤ ∞ by
T := sup
{
t ≥ 0 : ∃φ ∈ C∞(M,R) such thatαt +
√−1∂∂φ > 0
}
.(1.3)
Note that for any other Hermitian metric ω′0 = ω0 +
√−1∂∂ψ > 0 with ψ ∈ C∞(M,R), we have
T (ω′0) = T (ω0). Indeed, (2.27) yields that
αt +
√−1∂∂φ =ω0 − tRic(1,1)(ω′0) +
√−1∂∂
(
φ+ t log
ωn0
ω′n0
)
=ω′0 − tRic(1,1)(ω′0) +
√−1∂∂
(
φ− ψ + t log ω
n
0
ω′n0
)
,
as required.
It is easy to see that a solution to (1.2) cannot exist beyond time T . Indeed, we have
Theorem 1.1. There exists a unique maximal solution to the flow (1.2) on [0, T ).
In the special case when J is integrable, this is already known by the result of Tian and Zhang
[46] who extended earlier work of Cao [3] and Tsuji [57, 58] when ω0 is Ka¨hler, and by the result
of Tosatti and Weinkove [53] (see also [55]) when ω0 is even not Ka¨hler.
We point out that the flow (1.2) is equivalent to the scalar partial differential equation
∂
∂t
φ(t) = log
(αt +
√−1∂∂φt)n
ωn0
, αt +
√−1∂∂φt > 0, φ(0) = 0,(1.4)
on the same time interval. Indeed, assume that φt is the solution to (1.4). We set ωt = αt +√−1∂∂φt > 0. From (2.27), it follows that
∂
∂t
ωt =
∂
∂t
(αt +
√−1∂∂φt) = −Ric(1,1)(ω0)− Ric(1,1)(ωt) + Ric(1,1)(ω0) = −Ric(1,1)(ωt),
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i.e., ωt is the solution to the flow (1.2).
On the other hand, assume that ωt is the solution to (1.2). We set
φt =
∫ t
0
log
ωns
ωn0
ds
with φ(0) = 0. This, together with (2.27), yields
∂
∂t
(ωt − αt −
√−1∂∂φt) = −Ric(1,1)(ωt) + Ric(1,1)(ω0) + Ric(1,1)(ωt)− Ric(1,1)(ω0) = 0,
with (ωt − αt −
√−1∂∂φt)|t=0 = 0, i.e., ωt ≡ αt +
√−1∂∂φt. It follows that φt is the solution to
the scalar partial differential equation (1.4).
Next, we consider a convergence result about the flow (1.2). Since there is no Bott-Chern coho-
mology group on almost complex manifold if J is not integrable, the statement of this result may
be slightly different.
Theorem 1.2. Assume that (M,ω0, J) is an almost Hermitian manifold equipped a volume form
Ω with Ric(1,1)(Ω) < 0. There exists an almost Hermitian metric ω∞ with Ric
(1,1)(ω∞) = −ω∞,
such that for any initial almost Hermitian metric ω0, the solution to (1.2) exists for all the time
and that ω(t)/t converge smoothly to ω∞ as t→∞.
If the complex structure J is integrable, then the existence of such volume form Ω is equivalent to
the fact thatM is Ka¨hler with negative first Chern class, and our theorem coincides precisely with
[53, Theorem 1.7], i.e., on Ka¨hler manifold with negative first Chern class, the Chern-Ricci flow,
starting at any initial Hermitian metric ω0, exists for all the time and ω(t)/t converge smoothly
to the unique Ka¨hler-Einstein metric ωKE on M .
The outline of the paper is as follows. In Section 2, we collect some preliminaries about almost
complex geometry. In Section 3, we give the uniform priori estimates of the solution to (3.2) and
its time derivative. In Section 4 and Section 5, we give the first and second order estimates of
the solution to (3.2) respectively. In Section 6, we get the higher order estimates of the solution
to (3.2) and complete the proof of Theorem 1.1. In Section 7, we prove some convergence results
including Theorem 1.2. In Section 8, as an example, we study the flow (1.2) on a compact almost
Hermitian manifold M whose universal cover is a Lie group G such that if π : G −→ M is the
covering map, then π∗ω0 and π
∗J are left invariant in more detail.
Acknowledgements The author thanks Professor Valentino Tosatti for suggesting him this
question and for many other invaluable conversations and directions. The author also thanks
Professor Jean-Pierre Demailly and Professor Ben Weinkove for some useful comments. The
author is also grateful to the anonymous referees and the editor for their careful reading and
helpful suggestions which greatly improved the paper.
2. Preliminaries
In this section, we collect some basic materials about almost Hermitian geometry (see for example
[20, 56]).
2.1. The Nijenhuis tensor on almost complex manifolds. Let (M,J) be an almost complex
manifold with dimRM = 2n, where J is the almost complex structure, i.e., J ∈ End(TM) with
J2 = −IdTM . Here TM is the tangent vector bundle of M . Denote by X(M) the set of all the
sections of TM , i.e., the set of all the vector fields. Then we have
TM ⊗R C = T 1,0M ⊕ T 0,1M,
3
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where
T 1,0M :=
{
X −√−1JX : ∀ X ∈ TM
}
and
T 0,1M :=
{
X +
√−1JX : ∀ X ∈ TM
}
.
Denote by Λ1M the dual of TM . We extend the Nijenhuis tensor J to any p form ̟ by
(J̟)(X1, · · · ,Xp) := (−1)p̟(JX1, · · · , JXp), ∀ X1, · · · ,Xp ∈ X(M).(2.1)
It is easy to check that for any (2n − p) form ξ and p form ψ, there holds
ξ ∧ (Jψ) = (−1)p(Jξ) ∧ ψ.(2.2)
We also have
1∧
M ⊗R C =
1,0∧
M ⊕
0,1∧
M,
where
1,0∧
M :=
{
η +
√−1Jη : ∀ η ∈
1∧
M
}
and
0,1∧
M :=
{
η −√−1Jη : ∀ η ∈
1∧
M
}
.
It is easy to see that (
T 1,0M
)∗
=
1,0∧
M,
(
T 0,1M
)∗
=
0,1∧
M.
We also denote that
p,q∧
M :=
p∧(1,0∧
M
)
⊗
q∧(0,1∧
M
)
.
Then we have
p∧
M ⊗R C = ⊕r+s=p
r,s∧
M.
A 2 form ζ is a (1, 1) form if and only if there holds
ζ(X,Y ) = ζ(JX, JY ), ∀X,Y ∈ X(M).(2.3)
Indeed, ζ is a (1, 1) form if and only if
ζ(X +
√−1JX, Y +√−1JY ) = ζ(X −√−1JX, Y −√−1JY ) = 0, ∀X,Y ∈ X(M),
as required. Therefore, the (1, 1) part of any 2 form ξ, denoted by ξ(1,1), can be given by
ξ(1,1)(X,Y ) =
1
2
(ξ(X,Y ) + ξ(JX, JY )) , ∀X,Y ∈ X(M).(2.4)
We also define
ξac(X,Y ) := ξ(X,Y )− ξ(1,1)(X,Y ) = 1
2
(ξ(X,Y )− ξ(JX, JY )) , ∀X,Y ∈ X(M).(2.5)
Definition 2.1. For any X, Y ∈ X(M), Nijenhuis tensor N is defined by
4N (X, Y ) = [JX, JY ]− J [JX, Y ]− J [X, JY ]− [X, Y ].(2.6)
If N = 0, then the Nijenhuis tensor is called integrable.
For the Nijenhuis tensor, a direct calculation yields
4
An almost complex Chern-Ricci flow Tao Zheng
Lemma 2.2. The Nijenhuis tensor N satisfies
N (X, Y ) =−N (Y, X), N (JX, Y ) = −JN (X, Y ),
N (X, JY ) =− JN (X, Y ), N (JX, JY ) = −N (X, Y ).
Moreover, N (JX, Y ) = N (X, JY ).
By Lemma 2.2, for any (1, 0) vector fields W and V , it is easy to get
N (V, W ) = −[V, W ](0,1), N (V, W ) = N (V , W ) = 0
and
N (V , W ) = −[V , W ](1,0) = −[V, W ](0,1).
Let e1, · · · , en be the basis of T 1,0M and θ1, · · · , θn be the dual basis of Λ1,0M , i.e.,
θi(ej) = δ
i
j , i, j = 1, · · · , n.
Then we have
N (ei, ej) =− [ei, ej](1,0) =: Nkijek,(2.7)
N (ei, ej) =− [ei, ej ](0,1) = Nkijek,(2.8)
which implies
N = 1
2
Nk
ij
ek ⊗
(
θi ∧ θj)+ 1
2
Nk
ij
ek ⊗
(
θ
i ∧ θj
)
.
Denote the structure coefficients of Lie bracket by
[ei, ej ] =:C
k
ijek −Nkijek,
[ei, ej] =:C
k
ij
ek + C
k
ij
ek,
[ei, ej] =:−Nkijek + Ckijek.
A direct calculation yields
dθi = −1
2
Cikℓθ
k ∧ θℓ − Ci
kℓ
θk ∧ θℓ + 1
2
N i
kℓ
θ
k ∧ θℓ.(2.9)
From (2.9), we can split the exterior differential operator, d : Λ•M ⊗R C −→ Λ•+1M ⊗R C, into
four components (see for example [1])
d = A+ ∂ + ∂ +A
with
A : Λ•,•M −→ Λ•+2,•−1M
∂ : Λ•,•M −→ Λ•+1,•M
∂ : Λ•,•M −→ Λ•,•+1M
A : Λ•,•M −→ Λ•−1,•+2M.
In terms of these components, the condition d2 = 0 can be written as
A2 =0,
∂A+A∂ =0,
A∂ + ∂2 + ∂A =0,
AA+ ∂∂ + ∂∂ +AA =0,
5
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∂A+ ∂
2
+A∂ =0,
A∂ + ∂A =0,
A
2
=0.
For any p form ̟, there holds
(d̟)(X1, · · · ,Xp+1) =
p+1∑
λ=1
(−1)λ+1Xλ(̟(X1, · · · , X̂λ, · · · ,Xp+1))(2.10)
+
∑
λ<µ
(−1)λ+µ̟([Xλ,Xµ],X1, · · · , X̂λ, · · · , X̂µ, · · · ,Xp+1)
for any fields X1, · · · ,Xp+1 ∈ X(M). For any ϕ ∈ C∞(M, R), from (2.1) and (2.10), a direct
computation yields
(dJdϕ)(ei, ej) =− 2
√−1[ei, ej ](0,1)(ϕ),(2.11)
(dJdϕ)(ei, ej) =2
√−1[ei, ej ](1,0)(ϕ),(2.12)
(dJdϕ)(ei, ej) =2
√−1
(
eiej(ϕ)− [ei, ej ](0,1)(ϕ)
)
.(2.13)
A direct calculation shows that
√−1∂∂ϕ = 1
2
(dJdϕ)(1,1) =
√−1
(
eiej(ϕ) − [ei, ej ](0,1)(ϕ)
)
θi ∧ θj .(2.14)
Thanks to (2.6) and (2.10), we get that
(dJdϕ)(X,Y )− (dJdϕ)(JX, JY ) = −4 (J ◦ N (X,Y )) (ϕ), ∀X, Y ∈ X(M),
which, together with (2.3), yields that dJdϕ is a real (1, 1) form if and only if J is integrable.
For any real (1, 1) form η =
√−1ηijθi ∧ θ
j
, combining (2.1) and (2.10) gives
∂η =
√−1
2
(
ejηki − eiηkj − Cpkiηpj + C
p
kj
ηpi + C
q
ijηkq
)
θk ∧ θi ∧ θj.(2.15)
2.2. The almost complex connection on almost complex manifolds. A connection D is
called almost complex if DJ = 0, which means that for any X, Y ∈ X(M), we have
0 = (DXJ)(Y ) = DX(J(Y ))− J(DXY ).(2.16)
Therefore, we can define Christoffel symbols by
Deαej = Γ
k
αjek, Deαej = Γ
k
αj
ek, α ∈ {1, · · · , n, 1, · · · , n}, i, j, k ∈ {1, · · · , n}.
Here we also use the notation ei = ei. The connection form (ω
i
j) is defined by ω
i
j := Γ
i
kjθ
k+Γi
kj
θ
k
.
Then the torsion Θ = (Θi) is defined by
Θi := dθi − θp ∧ ωip.
This implies that
Θi(ej , ek) =Γ
i
jk − Γikj − Cijk =: T ijk,
Θi(ej , ek) =− Γikj − Cijk =: Sijk,(2.17)
Θi(ej, ek) =− dθi([ej , ek]) = N ijk.
The torsion Θ = (Θi) can be split into three parts
Θ = Θ2,0 +Θ1,1 +Θ0,2,
6
An almost complex Chern-Ricci flow Tao Zheng
where
Θ2,0 =
(
1
2
T ijkθ
j ∧ θk
)
1≤i≤n
,
Θ1,1 =
(
Si
jk
θj ∧ θk
)
1≤i≤n
,
Θ0,2 =
(
1
2
N i
jk
θ
j ∧ θk
)
1≤i≤n
.
It follows that the (0, 2) part of an almost complex connection is uniquely determined by the
Nijenhuis tensor (see for example [20, Theorem 1.1] and [56]).
The curvature form is defined by
Ωij = dω
i
j + ω
i
k ∧ ωkj .
We define
Rkℓj
i :=Ωij(ek, eℓ)(2.18)
=ek(Γ
i
ℓj)− eℓ(Γikj)−CpkℓΓipj +NpkℓΓ
i
pj + Γ
i
kpΓ
p
ℓj − ΓiℓpΓpkj,
Rkℓj
i :=Ωij(ek, eℓ)(2.19)
=ek(Γ
i
ℓj
)− eℓ(Γikj)−CpkℓΓ
i
pj − CpkℓΓ
i
pj + Γ
i
kpΓ
p
ℓj
− Γi
ℓp
Γpkj,
and
Rkℓj
i :=Ωij(ek, eℓ)(2.20)
=ek(Γ
i
ℓj
)− eℓ(Γikj) +N
p
kℓ
Γipj − CpkℓΓipj + ΓikpΓ
p
ℓj
− Γi
ℓp
Γp
kj
.
We can write Ω =
(
Ωij
)
= Ω(2,0) +Ω(1,1) +Ω(0,2), with
Ω(2,0) =
(
1
2
Rkℓj
iθk ∧ θℓ
)
,
Ω(1,1) =
(
Rkℓj
iθk ∧ θℓ
)
,
Ω(0,2) =
(
1
2
Rkℓj
iθ
k ∧ θℓ
)
.
Then the Chern-Ricci form is (
√−1Ωii) ∈ 2πc1(M,J) ∈ H2(M,R) by the Chern-Weil theory (see
for example [21, Chapter 12]), where c1(M,J) is the first Chern class of (M,J).
2.3. The canonical connection on almost Hermitian manifolds. Assume that (M, g, J)
is an almost Hermitian manifold with dimRM = 2n, where a Riemannian metric g is called a
Hermitian metric if it satisfies g(X, Y ) = g(JX, JY ), ∀ X, Y ∈ X(M). We also denote the
Hermitian metric g by 〈·, ·〉. This metric uniquely defines a real (1, 1) form ω(·, ·) = g(J ·, ·) and
vice versa. An affine connection D on TM is called almost Hermitian connection if Dg = DJ = 0.
For any X, Y, Z ∈ X(M), we have
0 = (DXg)(Y,Z) = X〈Y, Z〉 − 〈DXY, Z〉 − 〈Y, DXZ〉.(2.21)
For the almost Hermitian connection, we have (see for example [20, Theorem 2.1] and [14])
Lemma 2.3. Let (M, g, J) be an almost Hermitian manifold with dimRM = 2n. Then for any
given vector valued (1, 1) form Φ = (Φi)1≤i≤n, there exists a unique almost Hermitian connection
D on (M, g, J) such that the (1, 1) part if the torsion is equal to the given Φ.
7
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If the (1, 1) part of the torsion of an almost Hermitian connection vanishes everywhere, then the
connection is known as the second canonical connection and was first introduced by Ehrensmann
and Libermann [11]. It is also sometimes referred to as the Chern connection, since when J is
integrable it coincides with the connection defined in Chern [6], and in Schouten and Danzig [30].
We denote it by ∇C .
We use the local (1, 0) frames as before. We write ω as
ω =
√−1gijθi ∧ θ
j
.
From (2.16), (2.17) and (2.21), we get
ei〈ek, eℓ〉 = 〈∇Ceiek, eℓ〉+ 〈ek,∇Ceieℓ〉 = 〈Γpikep, eℓ〉+ 〈ek,Γqiℓeq〉 = 〈Γ
p
ikep, eℓ〉+ 〈ek,−Cqℓieq〉,
i.e.,
Γpik = g
ℓpeigkℓ + g
ℓpgkqC
q
ℓi
.(2.22)
This gives the components of the torsion as
T pik = Γ
p
ik − Γpki − Cpik = gℓpeigkℓ + gℓpgkqCqℓi − g
ℓpekgiℓ − gℓpgiqCqℓk − C
p
ik.
We also lower the index of torsion and denote it by
Tikℓ = T
p
ikgpℓ = eigkℓ + gkqC
q
ℓi
− ekgiℓ − giqCqℓk − C
p
ikgpℓ.
Thanks to (2.15), we obtain
∂ω =
√−1
2
(
ejgki − eigkj − Cpkigpj + C
p
kj
gpi +C
q
ijgkq
)
θk ∧ θi ∧ θj =
√−1
2
Tjikθ
k ∧ θi ∧ θj .
By (2.22), it yields that
Γpip = ei (log det g)− Cqiq.(2.23)
Using (2.18) and (2.23), we can deduce that
Rkℓ :=Rkℓi
i = [ek, eℓ]
(0,1) (log det g)− ek
(
Cqℓq
)
+ eℓ
(
Cqkq
)
+ CpkℓC
q
pq +N
p
kℓ
Cipi.(2.24)
Combining (2.19) and (2.23) implies
Rkℓ :=Rkℓi
i = −
(
ekeℓ − [ek, eℓ](0,1)
)
(log det g) + eℓ
(
Cqiq
)
+ ek
(
Ci
ℓi
)
+ Cp
kℓ
Cqpq −CpkℓC
i
pi.(2.25)
From (2.20) and (2.23), it follows that
Rkℓ :=Rkℓi
i = −[ek, eℓ](1,0) (log det g)−NpkℓC
q
pq + ek(C
i
ℓi
)− eℓ(Ciki)− C
p
kℓC
i
pi.(2.26)
The Chern-Ricci form Ric(ω) is defined by
Ric(ω) :=
√−1
2
Rkℓθ
k ∧ θℓ +√−1Rkℓθk ∧ θ
ℓ
+
√−1
2
Rkℓθ
k ∧ θℓ.
It is a closed real 2 form and furthermore is a closed real (1, 1) form if the complex structure is
integrable. If J is integrable and dω = 0, then the Chern-Ricci form coincides exactly with the
Ricci form defined by the Levi-Civita connection of ω. Assume that ω˜ =
√−1g˜ijθi∧ θ
j
is another
almost Hermitian metric. From (2.11), (2.12), (2.13), (2.24), (2.25) and (2.26), it follows that (see
also for example [56, (3.16)])
Ric(ω˜)− Ric(ω) = −1
2
dJd log
ω˜n
ωn
,(2.27)
with Ric(ω) ∈ 2πc1(M,J) ∈ H2(M,R). Note that in general there exist representatives of
2πc1(M,J) which cannot be written in the form Ric(ω)− 12dJdF for any ω and F even when J
is integrable (see for example [51, Corollary 2]).
8
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The Chern scalar curvature R is defined by
R := trωRic(ω) = trωRic
(1,1)(ω) =
nRic(ω) ∧ ωn−1
ωn
=
nRic(1,1)(ω) ∧ ωn−1
ωn
.
For any ϕ ∈ C∞(M,R), we define the canonical Laplacian by
∆Cωϕ :=
n
√−1∂∂ϕ ∧ ωn−1
ωn
=
n(dJdϕ) ∧ ωn−1
2ωn
= gji
(
eiej(ϕ)− [ei, ej ](0,1)(ϕ)
)
.
Using the second canonical connection ∇C , it can also be rewritten as
∆Cωϕ = g
ji∇Ci ∇Cj ϕ = gji∇Cj ∇Ci ϕ
since the (1, 1) part of the torsion of ∇C vanishes. Denote by ∆g the Laplace-Beltrami operator
of the Riemannian metric g. For these two different Laplace operators, we have (see for example
[47, Lemma 3.2])
∆gϕ = 2∆
C
ωϕ+ τ(dϕ),(2.28)
where
τ(dϕ) = 2Re
(
T jpjg
qpeq(ϕ)
)
.
Given any volume form Ω, there exists an almost Hermitian metric (not unique) ω′ such that
Ω = ω′n since we have f := log Ωωn ∈ C∞(M,R) and we can take ω′ = ef/nω for example. Hence,
from (2.24), (2.25) and (2.26), it follows that we can also define the Ricci form Ric(Ω) associated
to Ω by replacing det g with Ω in (2.24), (2.25) and (2.26) when it occurs, and also have
Ric(ω)− Ric(Ω) = −1
2
dJd log
ωn
Ω
.(2.29)
3. Preliminary estimates
In this section, we give the estimates of ϕ and ϕ˙ := ∂∂tϕ. For this aim, we need to prove that the
flow (1.2) can be reduced to a parabolic Monge-Ampe`re equation. Fix T0 < T and in particular
T0 <∞. By definition of T , we can define reference metrics ωˆt for M × [0, T0] by
ωˆt := αt +
t
T0
√−1∂∂φT0 =
T0 − t
T0
ω0 +
t
T0
(
αT0 +
√−1∂∂φT0
)
=:
√−1gˆijθi ∧ θ
j
,
where φT0 ∈ C∞(M,R) satisfies αT0 +
√−1∂∂φT0 > 0. Note that the almost Hermitian metrics
ωˆt vary smoothly on the compact interval [0, T0] and hence we can deduce uniform estimates on
ωˆt for t ∈ [0, T0]. We rewrite ωˆt as ωˆt = ω0 + tχ with
χ =
1
T0
√−1∂∂φT0 − Ric(1,1)(ω0).
We define a volume form Ω = ωn0 e
φT0/T0 . Note that
√−1∂∂ log Ω = 1
T0
√−1∂∂φT0 +
√−1∂∂ logωn0 6= χ =
∂ωˆt
∂t
and
C−10 ω0 ≤ ωˆt ≤ C0ω0(3.1)
for some uniform constant C0 > 0.
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Lemma 3.1. A smooth family ω(t) of almost Hermitian metrics on [0, T0) solves the flow (1.2)
if and only if there is a family of smooth functions ϕ(t) for t ∈ [0, T0) such that ω(t) = ωˆt +√−1∂∂ϕ(t), and solve
∂
∂t
ϕ = log
(
ωˆt +
√−1∂∂ϕ)n
Ω
, ωˆt +
√−1∂∂ϕ > 0, ϕ|t=0 = 0.(3.2)
Proof. We use the ideas from for example [49]. For the “if” direction, we set ω(t) = ωˆt +√−1∂∂ϕ(t). From (2.27), it follows that
∂
∂t
ω =
∂
∂t
ωˆt +
√−1∂∂
(
∂
∂t
ϕ
)
=
1
T0
√−1∂∂φT0 − Ric(1,1)(ω0)−
1
T0
√−1∂∂φT0 +
√−1∂∂ log ω
n
ωn0
=
1
T0
√−1∂∂φT0 − Ric(1,1)(ω0)−
1
T0
√−1∂∂φT0 −Ric(1,1)(ω) + Ric(1,1)(ω0),
as required.
For the ‘only if’ direction, assume that ω solves the flow (1.2) on [0, T0). We define
ϕ(t) =
∫ t
0
log
ω(s)n
Ω
ds
for t ∈ [0, T0). We have
∂
∂t
ϕ(t) = log
ω(t)n
Ω
, ϕ(0) = 0.(3.3)
On the other hand, by (2.27), we can deduce
∂
∂t
(ω − ωˆt) = −Ric(1,1)(ω)− χ =
√−1∂∂
(
log
ωn
ωn0
− φT0
T0
)
=
√−1∂∂ log ω
n
Ω
.(3.4)
Thanks to (3.3) and (3.4), it follows that
∂
∂t
(
ω − ωˆt −
√−1∂∂ϕ) = 0, with (ω − ωˆt −√−1∂∂ϕ) |t=0 = 0
so that ω = ωˆt +
√−1∂∂ϕ and ϕ is the solution to (3.2). 
Standard parabolic theory of partial differential equation yields that there exists a unique maximal
solution to (3.2) on some time interval [0, Tmax) with Tmax > 0. Assume for a contradiction that
Tmax < T0.
Now we prove uniform estimates for the solution ϕ to (3.2) up to the maximal time. For later
use, we write
ω(t) =
√−1gijθi ∧ θ
j
, ω0 =
√−1(g0)ijθi ∧ θ
j
.
Lemma 3.2. Assume that ϕ(t) is the solution to the flow (3.2) on [0, Tmax). There exists a
positive uniform constant C > 0, independent of t ∈ [0, Tmax), such that
(1) ‖ϕ(t)‖C0 ≤ C.
(2) ‖ϕ˙(t)‖C0 ≤ C.
(3) C−1ωn0 ≤ ωn ≤ Cωn0 .
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Proof. We use the ideas from [46, 53]. For Part (1), set ψ = ϕ − At for a constant A > 0 to be
determined later. Fix any T ′ ∈ (0, Tmax) and assume that ψ attains a maximum on M × [0, T ′]
at a point (x0, t0) with t0 > 0. At this point, the maximum principle yields
0 ≤ ∂
∂t
ψ = log
(
ωˆt +
√−1∂∂ψ)n
Ω
−A ≤ log ωˆ
n
t
Ω
−A < 0,
provided A is chosen sufficiently large, a contradiction. Here we use the fact that ωˆt is a smooth
family of metrics on [0, Tmax]. Since T
′ ∈ (0, Tmax) is arbitrary, this yields that the maximum of
ψ(t) is achieved at t = 0. We get the upper bound for ψ and hence for ϕ. The lower bound is
proved similarly.
As for Part (2), we first consider the upper bound for ϕ˙. We consider the quantity Q1 = tϕ˙−ϕ−nt
and have (
∂
∂t
−∆Cω
)
Q1 = ttrωχ− n+ trω(ω − ωˆt) = trω(tχ− ωˆt) = −trωω0 < 0,
where we use the fact that ∂∂t ϕ˙ = ∆
C
ω ϕ˙ + trωχ. This, together with the maximum principle,
implies that upper bound for Q1 and hence for ϕ˙.
For the lower bound for ϕ˙, we define Q2 := (T0 − t)ϕ˙+ ϕ+ nt and have(
∂
∂t
−∆Cω
)
Q2 = (T0 − t)trωχ+ n−∆Cωϕ = trω (ωˆt + (T0 − t)χ) = trωωˆT0 > 0.
Then the lower bound for Q2 and hence for ϕ˙ follows from the maximum principle and the fact
that Tmax < T0.
Part (3) follows from Part (2), (3.2) and the definition of Ω. 
4. First order estimate
In this section, we give the first order estimate of the solution ϕ to (3.2).
Theorem 4.1. Assume that ϕ(t) is the solution to the flow (3.2) on [0, Tmax). There exists a
uniform constant C > 1, independent of t ∈ [0, Tmax), such that
sup
M×[0,Tmax)
|∂ϕ|g0 ≤ C.(4.1)
Proof. We consider the quantity Q := ef(ϕ)|∂ϕ|2g0 , where f will be determined later. Fix any
T ′ ∈ (0, Tmax) and assume that
sup
M×[0,T ′]
Q = Q(x0, t0)
with t0 > 0. Since g0 is almost Hermitian metric, we choose g0-unitary frame e1, · · · , en such that
g(x0, t0) is diagonal near x0. At the point (x0, t0), the maximum principle yields
0 ≥
(
∆Cω −
∂
∂t
)
Q(4.2)
=ef
(
∆Cω −
∂
∂t
)
|∂ϕ|2g0 + |∂ϕ|2g0
(
∆Cω −
∂
∂t
)
ef + 2Re
(
giiei
(|∂ϕ|2g0) ei(ef )) .
Since ω = ωˆt +
√−1∂∂ϕ, at (x0, t0), a direct computation gives
∆Cω (e
f ) =gii
(
eiei
(
ef
)
− [ei, ei](0,1)
(
ef
))
(4.3)
=gii
(
ef (f ′)2|ei(ϕ)|2 + eff ′′|ei(ϕ)|2 + eff ′eiei(ϕ)− eff ′[ei, ei](0,1)(ϕ)
)
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=giief
(
(f ′)2 + f ′′
) |ei(ϕ)|2 + eff ′trω(ω − ωˆt)
=giief
(
(f ′)2 + f ′′
) |ei(ϕ)|2 + neff ′ − eff ′ (trωωˆt)
and
∆Cω (|∂ϕ|2g0) =gii
(
eiei(ek(ϕ)ek(ϕ)) − [ei, ei](0,1)(ek(ϕ)ek(ϕ))
)
(4.4)
=gii
(|eiek(ϕ)|2 + |eiek(ϕ)|2 + eieiek(ϕ)ek(ϕ) + ek(ϕ)eieiek(ϕ))
− gii
(
[ei, ei]
(0,1)ek(ϕ)ek(ϕ) + ek(ϕ)[ei, ei]
(0,1)ek(ϕ)
)
=gii
(|eiek(ϕ)|2 + |eiek(ϕ)|2)+ gii (ek (eiei(ϕ)− [ei, ei](0,1)(ϕ)) ek(ϕ))
+ giiek(ϕ)
(
ek
(
eiei(ϕ) − [ei, ei](0,1)(ϕ)
))
− gii[ek, ei]ei(ϕ)ek(ϕ)
− giiei[ek, ei](ϕ)ek(ϕ) − giiek(ϕ)[ek, ei]ei(ϕ) − giiek(ϕ)ei[ek, ei](ϕ)
− gii
[
ek, [ei, ei]
(0,1)
]
(ϕ)ek(ϕ)− giiek(ϕ)
[
ek, [ei, ei]
(0,1)
]
(ϕ)
=gii
(|eiek(ϕ)|2 + |eiek(ϕ)|2)+ gii (ek (gii − gˆii) ek(ϕ))
+ giiek(ϕ) (ek (gii − gˆii))− gii[ek, ei]ei(ϕ)ek(ϕ)
− giiei[ek, ei](ϕ)ek(ϕ) − giiek(ϕ)[ek, ei]ei(ϕ) − giiek(ϕ)ei[ek, ei](ϕ)
− gii
[
ek, [ei, ei]
(0,1)
]
(ϕ)ek(ϕ)− giiek(ϕ)
[
ek, [ei, ei]
(0,1)
]
(ϕ).
On the other hand, we have, at (x0, t0),
∂
∂t
|∂ϕ|2g0 =ek(ϕ˙)ek(ϕ) + ek(ϕ)ek(ϕ˙)(4.5)
=giiek(gii)ek(ϕ) − ek(log Ω)ek(ϕ) + giiek(ϕ)ek(gii)− ek(ϕ)ek(log Ω),
where we use (3.2). At (x0, t0), from (4.4) and (4.5), it follows that(
∆Cω −
∂
∂t
)
|∂ϕ|2g0 =gii
(|eiek(ϕ)|2 + |eiek(ϕ)|2)− giiek (gˆii) ek(ϕ)− giiek(ϕ)ek (gˆii)(4.6)
− gii[ek, ei]ei(ϕ)ek(ϕ)− giiei[ek, ei](ϕ)ek(ϕ)− giiek(ϕ)[ek, ei]ei(ϕ)
− giiek(ϕ)ei[ek, ei](ϕ) − gii
[
ek, [ei, ei]
(0,1)
]
(ϕ)ek(ϕ)
− giiek(ϕ)
[
ek, [ei, ei]
(0,1)
]
(ϕ) + 2Re (ek(log Ω)ek(ϕ))
≥(1− ε)gii (|eiek(ϕ)|2 + |eiek(ϕ)|2)
− C
ε
|∂ϕ|2g0
∑
i
gii + 2Re (ek(log Ω)ek(ϕ)) ,
where for the inequality we use the Cauchy-Schwarz inequality and ε ∈ (0, 1/2] and without loss
of generality we assume |∂ϕ|2g0(x0, t0) > 1. At (x0, t0), a direct calculation implies
2Re
(
giiei
(|∂ϕ|2g0) ei(ef ))(4.7)
=2Re
(
eff ′giiek(ϕ)eiek(ϕ)ei(ϕ)
)
+ 2Re
(
eff ′giieiek(ϕ)ek(ϕ)ei(ϕ)
)
=2Re
(
eff ′giiek(ϕ)
(
gik − gˆik + [ei, ek](0,1)(ϕ)
)
ei(ϕ)
)
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+ 2Re
(
eff ′giieiek(ϕ)ek(ϕ)ei(ϕ)
)
≥2eff ′|∂ϕ|2g0 − 2Re
(
eff ′giigˆikek(ϕ)ei(ϕ)
)
− εef (f ′)2|∂ϕ|2g |∂ϕ|2g0 −
Cef
ε
|∂ϕ|2g0
∑
i
gii
− (1 + 2ε)ef (f ′)2|∂ϕ|2g0 |∂ϕ|2g − (1− ε)ef
∑
i
gii|eiek(ϕ)|2
=2eff ′|∂ϕ|2g0 − 2Re
(
eff ′giigˆikek(ϕ)ei(ϕ)
)
− Ce
f
ε
|∂ϕ|2g0
∑
i
gii
− (1 + 3ε)ef (f ′)2|∂ϕ|2g0 |∂ϕ|2g − (1− ε)ef
∑
i
gii|eiek(ϕ)|2,
where for the inequality we use the Cauchy-Schwarz inequality and ε ∈ (0, 1/2]. At (x0, t0), from
(3.2) and (4.3), it follows that(
∆Cω −
∂
∂t
)
ef =ef
(
f ′′ + (f ′)2
) |∂ϕ|2g + eff ′(∆Cω − ∂∂t
)
ϕ(4.8)
=ef
(
f ′′ + (f ′)2
) |∂ϕ|2g + neff ′ − eff ′ (trωωˆt)− eff ′( ∂∂tϕ
)
.
From (4.2), (4.6), (4.7) and (4.8), it yields that, at (x0, t0),
0 ≥ef (f ′′ − 3ε(f ′)2) |∂ϕ|2g0 |∂ϕ|2g − eff ′|∂ϕ|2g0 (trωωˆt)− C1efε |∂ϕ|2g0 ∑
i
gii(4.9)
− eff ′
(
∂
∂t
ϕ
)
|∂ϕ|2g0 − 2efRe (ek(log Ω)ek(ϕ)) + (n+ 2)eff ′|∂ϕ|2g0
− 2Re
(
eff ′giigˆikek(ϕ)ei(ϕ)
)
,
where C1 > 1 is a uniform constant.
Define
f(ϕ) =
e−A(ϕ−ϕ0−1)
A
, ε =
AeA(ϕ(x0,t0)−ϕ0−1)
6
,
where ϕ0 := sup
M×[0,Tmax)
ϕ. Then, at (x0, t0), we have
f ′′ − 3ε(f ′)2 = Ae
−A(ϕ(x0,t0)−ϕ0−1)
2
,(4.10)
− eff ′|∂ϕ|2g0 (trωωˆt)−
C1e
f
ε
|∂ϕ|2g0
∑
i
gii(4.11)
≥ef |∂ϕ|2g0
(∑
i
gii
)(
C−10 −
6C1
A
)
e−A(ϕ(x0,t0)−ϕ0−1),
and
2
∣∣∣Re(eff ′giigˆikek(ϕ)ei(ϕ))∣∣∣ ≤ −2C0eff ′|∂ϕ|2g = 2C0ef |∂ϕ|2ge−A(ϕ(x0,t0)−ϕ0−1).(4.12)
where for the inequality we use (3.1) and the fact that f ′ < 0.
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Note that we assume that |∂ϕ|g0(x0, t0) > 1. Choosing A = 12C0C1, combining (4.10), (4.11) and
(4.12) yields that, at (x0, t0),
ef
(
f ′′ − 3ε(f ′)2) |∂ϕ|2g0 |∂ϕ|2g − 2Re(eff ′giigˆikek(ϕ)ei(ϕ)) ≥ C−1|∂ϕ|2g0 |∂ϕ|2g(4.13)
and
−eff ′|∂ϕ|2g0 (trωωˆt)−
C1e
f
ε
|∂ϕ|2g0
∑
i
gii ≥ C−1|∂ϕ|2g0
∑
i
gii.(4.14)
where C > 0 is a uniform constant. Combining (4.9), (4.13) and (4.14) implies that, at (x0, t0),
0 ≥ C−1|∂ϕ|2g0 |∂ϕ|2g + C−1|∂ϕ|2g0
∑
i
gii − C|∂ϕ|2g0 − C.(4.15)
Note that here the constant C may be larger.
From Lemma 3.2 and the same argument in [10] (see also [9]), Theorem 4.1 follows. 
Using Theorem 4.1, taking ε = 1/2 in (4.6), we get
Lemma 4.2. There exists a uniform constant C > 0 such that(
∆Cω −
∂
∂t
)
|∂ϕ|2g0 ≥
1
2
gii
(|eiek(ϕ)|2 + |eiek(ϕ)|2)− C∑
i
gii − C.(4.16)
5. Second order estimate
In this section, we deduce the second order estimate of the solution ϕ to (3.2) using the method
from [10] in the elliptic setup.
Theorem 5.1. Assume that ϕ is the solution to the flow (3.2). There exists a uniform constant
C > 0, independent of t, such that
sup
M×[0,Tmax)
|∇2ϕ|g0 ≤ C,(5.1)
where ∇ is the Levi-Civita connection with respect to the Riemannian metric g0.
Proof. Denote by λ1(∇2ϕ) ≥ · · · ≥ λ2n(∇2ϕ) the eigenvalues of ∇2ϕ with respect to the Riemann-
ian metric g0. Then we have ∆g0ϕ =
∑
α=1
λα(∇2ϕ), where ∆g0 is the Laplace-Beltrami operator
of g0. Since
ω = ωˆt +
√−1∂∂ϕ > 0,
it follows that
∆Cω0ϕ = trω0ω − trω0 ωˆt > −trω0 ωˆt > −C,
where we use the fact that ωˆt vary smoothly on the compact interval [0, T0] and hence can be
estimated uniformly. This, together with (2.28) and Theorem 4.1, yields
∆g0ϕ =2∆
C
ω0ϕ+ τ(dϕ) > −C,(5.2)
where C > 0 is a uniform constant. As a result, we get
|∇2ϕ|g0 ≤ Cmax
{
λ1(∇2ϕ), 0
}
+ C.(5.3)
Therefore, it is sufficient to bound λ1(∇2ϕ) from above in order to prove Theorem 5.1. Denote
SH :=
{
(x, t) ∈M × [0, Tmax) : λ1(∇2ϕ) > 0
}
.
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Without loss of generality, we assume SH 6= ∅. Otherwise, we can get the upper bound of λ1(∇2ϕ)
directly. We consider the quantity
H = log λ1(∇2ϕ) + φ(|∂ϕ|2g) + h(ϕ− ϕ0),
on the set SH , where
φ(s) = −1
2
log
(
1− s
2K
)
, h(s) = e−Ds
with sufficiently large uniform constant D to be determined later. Here recall that ϕ0 :=
sup
M×[0,Tmax)
ϕ, and for convenience, we use notation K := 1 +
∑
M×[0,Tmax)
|∂ϕ|2g0 which is a uniform
constant by Theorem 4.1. Note that
φ(|∂ϕ|2g0) ∈ [0, 2 log 2]
and
1
4K
≤ φ′ ≤ 1
2K
, φ′′ = 2(φ′)2.
For any T ′ ∈ (0, Tmax), assume that H attains its maximum at (x0, t0) on
{
(x, t) ∈ M × [0, T ′] :
λ1(∇2ϕ) > 0
}
. Note that H is not smooth in general since the dimension of eigenspace associated
to λ1(∇2ϕ) may be strictly larger than 1. We use a perturbation argument in [10] to deal with
this case (see also [43, 44]). Since g0 is almost Hermitian metric, we can choose a coordinate patch
(U ; x1, · · · , x2n) centered at x0 such that
(1) U is diffeomorphic to a ball B2(0) ⊂ R2n of radius 2 centered at 0.
(2) Denote by ∂α the local vector fields ∂/∂x
α. There holds g0(∂α, ∂β)|x0 = δαβ , α, βˆ =
1, · · · , 2n.
(3) The almost complex structure J satisfies J(x0) = J0, where J0 is the standard complex
structure on R2n, i.e., J0∂2i−1 = ∂2i for i = 1, · · · , n.
(4) There holds
∂γ(g0)αβ |x0 = 0, ∀ α, β, γ = 1, · · · , 2n.(5.4)
(5) If at x0, we define
ei :=
1√
2
(
∂2i−1 −
√−1∂2i
)
, i = 1, · · · , n,(5.5)
then these form a frame of (1, 0) vectors at x0, and we have (g0)ij := g0(ei, ej) = δij ,
i.e., the frame is g0-unitary. Furthermore, the argument in [10] yields that we can assume(
gij(x0, t0)
)
is diagonal with
g11(x0, t0) ≥ · · · ≥ gnn(x0, t0).
We extend e1, · · · , en smoothly to a g0-unitary frame of (1, 0) vectors in a neighborhood of x0,
and from now on, the local unitary frame is fixed. Assume that V1 ∈ Tx0M is a unit vector, i.e.,
g0(V1, V1) = 1, with
∇2ϕ(V1, V1) = λ1(∇2ϕ)(x0, t0).
We can construct an orthonormal basis of Tx0M , denoted by V1, · · · , V2n, such that
∇2ϕ(Vα, Vα) = λα(∇2ϕ)(x0, t0), α = 1, · · · , 2n
15
Tao Zheng An almost complex Chern-Ricci flow
with λ1(∇2ϕ)(x0, t0) ≥ · · · ≥ λ2n(∇2ϕ)(x0, t0). We assume Vβ =
2n∑
α=1
V αβ∂α for β = 1, · · · , 2n.
We extend V1, · · · , V2n to be vector fields in a neighborhood of x0 by taking the components to
be constant. To use the perturbation argument, we define a smooth section B = Bαβdx
α ⊗ dxβ
of T ∗M ⊗ T ∗M near x0, where
Bαβ = δαβ − V α1V β1.
It is easy to deduce that the eigenvalues of (Bαβ) are 0, 1, · · · , 1︸ ︷︷ ︸
(n−1)
and that V1 is the eigenvector
associated to the eigenvalue 0, i.e., B(V1, V1) = 0. Consider the endomorphism Φ = (Φ
α
β) of TM
defined by
Φαβ = g
αγ
0 ∇2γβϕ− gαγ0 Bγβ ,(5.6)
and denote its eigenvalues by
λ1(Φ) ≥ · · · ≥ λ2n(Φ).
Since B = (Bαβ) is nonnegative, we can deduce that λ1(Φ) ≤ λ1(∇2ϕ) in the neighborhood of
(x0, t0). In particular, we have
λ1(Φ)(x0, t0) = λ1(∇2ϕ)(x0, t0), Φ(Vα)(x0, t0) = λα(Φ)(x0, t0)Vα, α = 1, · · · , 2n
and hence
λ1(Φ)(x0, t0) > λ2(Φ)(x0, t0) ≥ · · · ≥ λ2n(Φ)(x0, t0).
This yields that λ1(Φ) is smooth in a neighborhood of (x0, t0). In the following, we write λα for
λα(Φ) for short. We can apply the maximum principle to the quantity
H˜ = log λ1(Φ) + φ(|∂ϕ|2g0) + h(ϕ − ϕ0),
which still obtains a local maximum at (x0, t0).
We need the first and second derivatives of λ1 at (x0, t0) as follows.
Lemma 5.2 (Chu, Tosatti and Weinkove [10]; 2016). At (x0, t0), we have
λαβ1 :=
∂λ1
∂Φαβ
= V α1V
β
1.(5.7)
λαβ,γδ1 :=
∂2λ1
∂Φαβ∂Φγδ
=
∑
µ>1
V α1V
β
µV
γ
µV
δ
1 + V
α
µV
β
1V
γ
1V
δ
µ
λ1 − λµ ,(5.8)
where the Greek indices α, β, γ, µ, · · · go from 1 to 2n, unless otherwise indicated.
By Lemma 3.2 and (3.2), the arithmetic-geometry mean inequality yields
trωω0 ≥ c,(5.9)
for a uniform constant c > 0. We also assume that, at (x0, t0), there holds λ1 ≫ K ≥ 1.
Lemma 5.3. At (x0, t0), we have(
∆Cω −
∂
∂t
)
λ1 ≥2
∑
α>1
gii
|ei(ϕVαV1)|2
λ1 − λα + g
ppgqq |V1(gpq)|2(5.10)
− 2gii[V1, ei]V1ei(ϕ) − 2gii[V1, ei]V1ei(ϕ)− Cλ1
∑
i
gii,
where we write
ϕαβ := ∇2αβϕ, ϕVαVβ := ϕγδV γαV δβ = ∇2ϕ(Vα, Vβ).
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Proof. At (x0, t0), noting that g(x0, t0) is diagonal, by (5.7) and (5.8), a direct computation yields(
∆Cω −
∂
∂t
)
λ1 =g
iiλαβ,γδ1 ei(Φ
γ
δ)ei(Φ
α
β) + g
iiλαβ1 eiei(Φ
α
β)(5.11)
− giiλαβ1 [ei, ei](0,1)(Φαβ)− λαβ1
∂
∂t
(Φαβ)
=giiλαβ,γδ1 ei(ϕγδ)ei(ϕαβ) + g
iiλαβ1 eiei(ϕαβ)
+ giiλαβ1 ϕγβeiei(g
αγ
0 )− giiλαβ1 Bγβeiei(gαγ0 )
− giiλαβ1 [ei, ei](0,1)(ϕαβ)− λαβ1 ∇2αβϕ˙
≥2
∑
α>1
gii
|ei(ϕVαV1)|2
λ1 − λα + g
iieiei(ϕV1V1)− gii[ei, ei](0,1)(ϕV1V1)
− ϕ˙V1V1 − Cλ1
∑
i
gii.
Since ϕVαVβ = VαVβ(ϕ)− (∇VαVβ) (ϕ) for any α and β, we have
gii
(
eiei − [ei, ei](0,1)
)
(ϕV1V1) = g
ii
(
eiei − [ei, ei](0,1)
)
(V1V1(ϕ) − (∇V1V1) (ϕ)) .(5.12)
From now on, we write G for term bounded by Cλ1
∑
i
gii which may change from line to line. At
(x0, t0), noting that |∂ϕ|g0 ≤ C, a direct computation yields
gii
(
eiei − [ei, ei](0,1)
)
(∇V1V1) (ϕ)(5.13)
=giiei (∇V1V1) ei(ϕ) − gii (∇V1V1) [ei, ei](0,1)(ϕ) +G
=gii (∇V1V1) eiei(ϕ) − gii (∇V1V1) [ei, ei](0,1)(ϕ) +G
=gii (∇V1V1)
(
eiei(ϕ)− [ei, ei](0,1)(ϕ)
)
+G
=gii (∇V1V1) (gii − gˆii) +G
=gii (∇V1V1) (gii) +G
and
gii
(
eieiV1V1(ϕ) − [ei, ei](0,1)V1V1(ϕ)
)
(5.14)
=giiV1V1
(
eiei(ϕ) − [ei, ei](0,1)(ϕ)
)
− 2gii[V1, ei]V1ei(ϕ) − 2gii[V1, ei]V1ei(ϕ) +G
=giiV1V1 (gii − gˆii)− 2gii[V1, ei]V1ei(ϕ) − 2gii[V1, ei]V1ei(ϕ) +G
=giiV1V1(gii)− 2gii[V1, ei]V1ei(ϕ) − 2gii[V1, ei]V1ei(ϕ) +G,
where we use the fact that ωˆt vary smoothly on M× [0, T0] and hence can be estimated uniformly.
From (3.2), we get
gii (∇V1V1) (gii) = (∇V1V1) (ϕ˙) + (∇V1V1) (log Ω).(5.15)
Applying V1 twice to (3.2) implies
giiV1V1(gii) = g
ppgqq |V1(gpq)|2 + V1V1(ϕ˙) + V1V1(log Ω).(5.16)
Combining (5.9), (5.12), (5.13), (5.14), (5.15) and (5.16) yields
giieiei(ϕV1V1)− gii[ei, ei](0,1)(ϕV1V1)(5.17)
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=V1V1(ϕ˙)− (∇V1V1) (ϕ˙) + gppgqq |V1(gpq)|2
− 2gii[V1, ei]V1ei(ϕ)− 2gii[V1, ei]V1ei(ϕ) +G
=ϕ˙V1V1 + g
ppgqq |V1(gpq)|2 − 2gii[V1, ei]V1ei(ϕ) − 2gii[V1, ei]V1ei(ϕ) +G.
Thanks to (5.11) and (5.17), we get (5.10). 
Lemma 5.4. At (x0, t0), for any ε ∈ (0, 1/2], there holds
0 ≥(2− ε)
∑
α>1
gii
|ei(ϕVαV1)|2
λ1 (λ1 − λα) +
gppgqq |V1(gpq)|2
λ1
(5.18)
− (1 + ε)g
ii|ei (ϕV1V1) |2
λ21
+
φ′
2
∑
p
gii(|eiep(ϕ)|2 + |eiep(ϕ)|2)− C
ε
∑
i
gii
+ φ′′gii
∣∣ei (|∂ϕ|2g0)∣∣2 −De−D(ϕ−ϕ0)(∆Cω − ∂∂t
)
ϕ+D2e−D(ϕ−ϕ0)|∂ϕ|2g.
Proof. At (x0, t0), we define
[V1, ei] =
2n∑
α=1
τiαVα
for some τiα ∈ C uniformly bounded. This yields
|[V1, ei]V1ei(ϕ) + [V1, ei]V1ei(ϕ)| ≤ C
2n∑
α=1
|VαV1ei(ϕ)| .
Note that
VαV1ei(ϕ) =VαeiV1(ϕ) + Vα [V1, ei] (ϕ)
=eiVαV1(ϕ) + [Vα, ei]V1(ϕ) + Vα [V1, ei] (ϕ)
=ei (ϕVαV1) + ei(∇VαV1)(ϕ) + [Vα, ei]V1(ϕ) + Vα [V1, ei] (ϕ).
Therefore, it follows that, at (x0, t0),
2
gii ([V1, ei]V1ei(ϕ) + [V1, ei]V1ei(ϕ))
λ1
(5.19)
≤Cg
ii|ei (ϕV1V1) |
λ1
+ C
∑
α>1
gii|ei (ϕVαV1) |
λ1
+ C
∑
i
gii
≤εg
ii|ei (ϕV1V1) |2
λ21
+ ε
∑
α>1
gii|ei (ϕVαV1) |2
λ1(λ1 − λα) +
C
ε
∑
i
gii +
C
ε
∑
i
gii
∑
α>1
λ1 − λα
λ1
≤εg
ii|ei (ϕV1V1) |2
λ21
+ ε
∑
α>1
gii|ei (ϕVαV1) |2
λ1(λ1 − λα) +
C
ε
∑
i
gii,
where we use the Cauchy-Schwarz inequality for ε ∈ (0, 1/2] and (5.2) to get, at (x0, t0),∑
α>1
λ1 − λα
λ1
=(2n− 1)−
∑
α>1
λα(∇2ϕ)− 1
λ1
=2n+
2n− 1
λ1
− ∆u
λ1
≤ 4n− 1 + C/λ1 ≤ C,
by the assumption that λ1(∇2ϕ)≫ K ≥ 1.
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At (x0, t0), since we have
0 ≥
(
∆Cω −
∂
∂t
)
H˜
=
1
λ1
(
∆Cω −
∂
∂t
)
λ1 − g
ii|ei(λ1)|2
λ21
+ φ′
(
∆Cω −
∂
∂t
)
|∂ϕ|2g0 + φ′′gii
∣∣ei(|∂ϕ|2g0)∣∣2
−De−Dϕ
(
∆Cω −
∂
∂t
)
ϕ+D2e−Dϕ|∂ϕ|2g ,
and a direct computation yields ei(λ1) = ei(ϕV1V1), the inequality (5.18) follows from (4.16),
(5.10) and (5.19). 
In what follows, we use CD to denote the constant depending on the initial data and D, which is
a uniform constant when D is determined. We split up into different cases.
Case 1: Assume that
g11(x0, t0) ≤ D3e−2D(ϕ(x0,t0)−ϕ0)gnn(x0, t0).(5.20)
Since H˜ attains maximum at (x0, t0), we have ei(H˜) = 0, i.e.,
ei(ϕV1V1)
λ1
= De−D(ϕ−ϕ0)ei(ϕ)− φ′ei
(|∂ϕ|2g0) .(5.21)
Taking ε = 1/2, combining (5.21) and the Cauchy-Schwarz inequality yields
− 3
2
gii|ei(ϕV1V1)|2
λ21
(5.22)
=− 3
2
gii
∣∣∣De−D(ϕ−ϕ0)ei(ϕ)− φ′ei (|∂ϕ|2g0)∣∣∣2
≥− 6
(
sup
M×[0,Tmax)
|∂ϕ|2g0
)
D2e−2D(ϕ−ϕ0)
∑
i
gii − 2(φ′)2gii ∣∣ei (|∂ϕ|2g0)∣∣2
=− 6
(
sup
M×[0,Tmax)
|∂ϕ|2g0
)
D2e−2D(ϕ−ϕ0)
∑
i
gii − φ′′gii ∣∣ei (|∂ϕ|2g0)∣∣2
From (5.18) and (5.22), it follows that
0 ≥− 6
(
sup
M×[0,Tmax)
|∂ϕ|2g0
)
D2e−2D(ϕ−ϕ0)
∑
i
gii +
φ′
2
∑
p
gii
(|eiep(ϕ)|2 + |eiep(ϕ)|2)(5.23)
−De−D(ϕ−ϕ0)
(
∆Cω −
∂
∂t
)
ϕ− C
∑
i
gii,
where we discard some positive terms. Thanks to (3.2) and (5.20), we can deduce
CD ≥ g11(x0, t0) ≥ · · · ≥ gnn(x0, t0) ≥ C−1D .
This, together with Lemma 3.2 and (5.23), yields∑
i,p
(|eiep(ϕ)|2 + |eiep(ϕ)|2) (x0, t0) ≤ CD,(5.24)
where we also use
−De−D(ϕ−ϕ0)∆Cωϕ =−De−D(ϕ−ϕ0)gii (gii − gˆii)(5.25)
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≥− nDe−D(ϕ−ϕ0) + C−10 De−D(ϕ−ϕ0)
∑
i
gii.
From Theorem 4.1 and (5.24), it follows that λ1(x0, t0) and hence H˜ is bounded from above. This
completes the proof of Case 1.
Case 2: At (x0, t0), assume that
φ′
4
∑
p
gii
(|eiep(ϕ)|2 + |eiep(ϕ)|2) ≥ 6( sup
M×[0,Tmax)
|∂ϕ|2g0
)
D2e−2D(ϕ−ϕ0)
∑
i
gii.(5.26)
By the same argument as in Case 1, we also have (5.23). From Lemma 3.2, (5.23), (5.25) and
(5.26), it follows that, at (x0, t0),
0 ≥ C−1
∑
p
gii
(|eiep(ϕ)|2 + |eiep(ϕ)|2)+ (C−10 D − C)∑
i
gii − CD.(5.27)
We choose D sufficiently large such that C−10 D − C > 1. Then from (3.2), we can deduce the
lower and upper bounds of gii and applying the same argument as in Case 1 to (5.27) completes
the proof of Case 2.
Case 3: At (x0, t0), neither Case 1 nor Case 2 holds.
In this case, we need to estimate
(2− ε)
∑
α>1
gii
|ei(ϕVαV1)|2
λ1 (λ1 − λα) +
gppgqq |V1(gpq)|2
λ1
− (1 + ε)g
ii|ei (ϕV1V1) |2
λ21
in Lemma 5.4. For this aim, we define
I :=
{
i : gii(x0, t0) > D
3e−2D(ϕ(x0,t0)−ϕ0)gnn(x0, t0)
}
.
Since Case 1 does not hold, we have 1 ∈ I. Without loss of generality, we denote I =
{
1, · · · , j
}
.
By the similar argument of [10, Lemma 5.5], we get
Lemma 5.5. At (x0, t0), for any (0, 1/2], we have
−(1 + ε)
∑
i∈I
gii|ei (ϕV1V1) |2
λ21
≥ −
∑
i
gii − φ′′
∑
i∈I
gii
∣∣ei (|∂ϕ|2g0)∣∣2
Assume that λ1(x0, t0) ≥ CD/ε3, where D and ε will be chosen uniformly later. The similar
arguments in [10, Lemma 5.6, Lemma 5.7, Lemma 5.8] yield
Lemma 5.6. At (x0, t0), for any (0, 1/6], we have
(2− ε)
∑
α>1
gii
|ei(ϕVαV1)|2
λ1 (λ1 − λα) +
gppgqq |V1(gpq)|2
λ1
− (1 + ε)
∑
i 6∈I
gii|ei (ϕV1V1) |2
λ21
≥− 3ε
∑
i 6∈I
gii|ei (ϕV1V1) |2
λ21
− C
ε
∑
i
gii.
Since ∂H˜(x0, t0) = 0, for any ε ∈ (0, 1/6], the Cauchy-Schwarz inequality yields
− 3ε
∑
i 6∈I
gii|ei (ϕV1V1) |2
λ21
(5.28)
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=− 3ε
∑
i 6∈I
gii
∣∣∣De−D(ϕ−ϕ0)ei(ϕ)− φ′ei (|∂ϕ|2g0)∣∣∣2
≥− 6εD2e−2D(ϕ−ϕ0)|∂ϕ|2g − 6ε(φ′)2
∑
i 6∈I
gii
∣∣ei (|∂ϕ|2g0)∣∣2
≥− 6εD2e−2D(ϕ−ϕ0)|∂ϕ|2g − φ′′
∑
i 6∈I
gii
∣∣ei (|∂ϕ|2g0)∣∣2 .
From (5.18), (5.25), (5.28), Lemma 3.2, Lemma 5.5 and Lemma 5.6, it follows that, at (x0, t0),
0 ≥φ
′
2
∑
p
gii(|eiep(ϕ)|2 + |eiep(ϕ)|2) +
(
C−10 De
−D(ϕ−ϕ0) − C2
ε
)∑
i
gii(5.29)
− C2De−D(ϕ−ϕ0) +
(
D2e−D(ϕ−ϕ0) − 6εD2e−2D(ϕ−ϕ0)
)
|∂ϕ|2g.
Choose
D = C0(6C2 + 1), ε = e
D(ϕ(x0,t0)−ϕ0)/6 ∈ (0, 1/6].
Now at (x0, t0), by Theorem 4.1 and (5.29), we can deduce∑
p
gii
(|eiep(ϕ)|2 + |eiep(ϕ)|2)+∑
i
gii ≤ C,
for a uniform constant C > 0. The similar discussion in Case 1 yields the upper bound for
λ1(x0, t0) and hence for H˜, which completes the proof of Case 3. 
6. Proof of the maximum time existence theorem
In this section, using the priori estimates established earlier, we get the higher order priori esti-
mates and complete the proof of Theorem 1.1.
Proof of Theorem 1.1. By Theorem 5.1, there exists a uniform constant C > 0 such that
C−1ω0 ≤ ω ≤ Cω0.
From the higher order estimates of [9] using the C2,α estimate of [8] (see also [50]), it follows that
for each k = 0, 1, 2, · · · , there exists uniform constants Ck > 0 such that
‖ϕ(t)‖Ck(ω0) ≤ Ck.
These uniform estimates on [0, Tmax) imply that we can take limits of ϕ(t) and get a solution on
[0, Tmax]. Applying the standard parabolic short time existence theory we get a solution a little
beyond Tmax, a contradiction. Hence there exists a solution ϕ to (3.2) on [0, T0). Taking
√−1∂∂
on both sides of (3.2), we get a solution to (1.2) on [0, T0). Since T0 < T is arbitrary, we get a
solution to (1.2) on [0, T ). Uniqueness follows from the uniqueness of the solution to (3.2). As
mentioned before, the flow (1.2) cannot extend beyond T . 
7. Some convergence results
In this section, we consider some convergence results of the flow (1.2). Firstly, let us recall the
case when there exists a volume form Ω with Ric(1,1)(Ω) = 0 considered by Chu [9]. The similar
argument as in Lemma 3.1, yields that
21
Tao Zheng An almost complex Chern-Ricci flow
Lemma 7.1 (Chu [9]; 2016). Assume that there exists a volume form Ω with Ric(1,1)(Ω) = 0.
A smooth family ω(t) of almost Hermitian metrics on [0,∞) solves the flow (1.2) if and only if
there is a family of smooth functions ϕ(t) for t ∈ [0,∞) solves
∂
∂t
ϕ = log
(
ω0 +
√−1∂∂ϕ)n
Ω
, ω0 +
√−1∂∂ϕ > 0, ϕ(0) = 0,
with ω(t) = ω0 +
√−1∂∂ϕ.
Chu [9] shows that ϕ(t) converge to ϕ∞ smoothly as t −→ ∞ and ω∞ = ω0 +
√−1∂∂ϕ∞ > 0
with Ric(1,1)(ω∞) = 0.
If the complex structure J is integrable, then this assumption is equivalent to the fact that
cBC1 (M) = 0, and the convergence result belongs to Gill [15] who used the crucial zero order
estimate from [52].
Secondly, we assume that there exists a volume form Ω with Ric(1,1)(Ω) < 0, which is equivalent to
the fact that M is Ka¨hler manifold with negative first Chern class if J is integrable. By Theorem
1.1, the flow (1.2) exists for all the time and we denote by ω˜(s) its solution.
Suppose that t = log(s+ 1) and ω = ω˜s+1 . We get a new metric which solves
∂
∂t
ω = −Ric(1,1)(ω)− ω, ω(0) = ω0,(7.1)
for t ∈ [0,∞). We claim that the flow (7.1) is equivalent to the parabolic Monge-Ampe`re equation
∂
∂t
ϕ = log
(ωˆ +
√−1∂∂ϕ)n
Ω
− ϕ, ωˆ +√−1∂∂ϕ > 0, ϕ|t=0 = 0,(7.2)
where ωˆ = −Ric(1,1)(Ω) + e−t
(
Ric(1,1)(Ω) + ω0
)
with
∂
∂t
ωˆ = −Ric(1,1)(Ω)− ωˆ, ωˆ|t=0 = ω0.(7.3)
Indeed, assume that ω is the solution to (7.1). By (7.1) and (7.3), we know that
∂
∂t
(ω − ωˆ) = −(ω − ωˆ) +√−1∂∂ log ω
n
Ω
.(7.4)
We define ϕ(t) by
ϕ(t) := e−t
∫ t
0
es log
ω(s)n
Ω
ds,
for any t ∈ [0,∞). This function ϕ(t) satisfies
∂
∂t
ϕ = log
ωn
Ω
− ϕ, ϕ(0) = 0.(7.5)
Thanks to (7.4) and (7.5), we can deduce that
∂
∂t
(
et(ω − ωˆ −√−1∂∂ϕ)) = 0, (ω − ωˆ −√−1∂∂ϕ)|t=0 = 0,
which implies ω = ωˆ +
√−1∂∂ϕ > 0 for all t ≥ 0.
Conversely, assume that ϕ is the solution to (7.2). Taking
√−1∂∂ on the both sides of (7.2), we
know that ω = ωˆ +
√−1∂∂ϕ is the solution to (7.1).
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Note that ωˆ converge smoothly to −Ric(1,1)(Ω) > 0 as t −→ ∞. Hence there exists a uniform
constant C0 > 0 such that
C−10 ω0 ≤ ωˆ ≤ C0ω0.(7.6)
It is easy to see that Theorem 1.2 follows from
Theorem 7.2. Let ϕ(t) be the solution to (7.2) on M × [0,∞). Then ϕ converge smoothly to ϕ∞
as t −→∞, and we have
Ric(1,1)(ω∞) = −ω∞,(7.7)
where ω∞ = −Ric(1,1)(Ω) +
√−1∂∂ϕ∞ > 0.
Proof. The proof consists of several steps as follows.
Step 1: We deduce the uniform estimates for ϕ and ϕ˙ := ∂∂tϕ using the method from [3, 46, 57]
(see also [53]). A simple maximum principle argument yields that |ϕ| ≤ C for a uniform constant
C > 0 independent of t. A direct computation gives(
∂
∂t
−∆Cω
)
ϕ˙ =− ϕ˙− trω
(
Ric(1,1)(Ω) + ωˆ
)
=− ϕ˙− n+∆Cωϕ− trω
(
Ric(1,1)(Ω)
)
,
i.e., (
∂
∂t
−∆Cω
)
(ϕ˙+ ϕ) = −n− trω
(
Ric(1,1)(Ω)
)
.
At the minimum (x0, t0) of ϕ+ ϕ˙, without loss of generality, we can assume t0 > 0, otherwise we
can get the lower bound of ϕ˙ directly. At (x0, t0), we have −trω
(
Ric(1,1)(Ω)
)
≤ n. This, together
with Ric(1,1)(Ω) < 0 and the arithmetic-geometric means inequality, yields
ϕ˙+ ϕ = log
ωn
Ω
= log
ωn(
−Ric(1,1)(Ω)
)n + log
(
−Ric(1,1)(Ω)
)n
Ω
≥ log
(
−Ric(1,1)(Ω)
)n
Ω
≥ −C
at this point and hence everywhere. Since |ϕ| ≤ C, we get ϕ˙ ≥ −C.
Since et
(
Ric(1,1)(Ω) + ωˆ
)
= Ric(1,1)(Ω) + ω0, a direct computation yields(
∂
∂t
−∆Cω
)(
ϕ˙+ ϕ+ nt− etϕ˙) = trωω0 > 0.
This, together with the maximum principle, implies that there holds ϕ˙ ≤ Cte−t ≤ Ce−t/2 for t ≥ 1.
The uniform upper bound of ϕ+ ϕ˙ = log ω
n
Ω and the arithmetic-geometric means inequality yield
that
trωω0 ≥ n
(
ωn0
ωn
)1/n
= n
(
Ω
ωn
ωn0
Ω
)1/n
≥ c,(7.8)
for a uniform constant c > 0.
Given (7.6) and (7.8), we can deduce the first and second order estimates.
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Step 2 : We need the estimate sup
M×[0,∞)
|∂ϕ|g0 ≤ C for a uniform constant C > 0. To see this, we
just need to follow the proof of Theorem 4.1 word for word except replacing (4.5) by
∂
∂t
|∂ϕ|2g0 =ek(ϕ˙)ek(ϕ) + ek(ϕ)ek(ϕ˙)
=giiek(gii)ek(ϕ) − ek(log Ω)ek(ϕ) + giiek(ϕ)ek(gii)− ek(ϕ)ek(log Ω),
− 2ek(ϕ)ek(ϕ).
In the process of calculation of
(
∆Cω − ∂∂t
) |∂ϕ|2g0 , the term −2ek(ϕ)ek(ϕ) is harmless. Then all
other arguments are the same and hence we get the first order estimate.
Step 3 : We need the third order estimate sup
M×[0,∞)
|∇2ϕ|g0 ≤ C, where ∇2ϕ is the Hessian with
respect to the Levi-Civita connection of g0. To see this, we still need to follow the proof of
Theorem 5.1 word for word except replacing (5.15) and (5.16) by
gii (∇V1V1) (gii) = (∇V1V1) (ϕ˙) + (∇V1V1) (log Ω) + (∇V1V1) (ϕ).
and
giiV1V1(gii) = g
ppgqq |V1(gpq)|2 + V1V1(ϕ˙) + V1V1(log Ω) + V1V1(ϕ).
Note that the new term V1V1(ϕ)−(∇V1V1) (ϕ) = ϕV1V1 is harmless and absorbed by G, as required.
Step 4 : The higher order estimates follows from [9].
Step 5 : Convergence result. The second order estimate implies that
C−1ω0 ≤ ω ≤ Cω0
for a uniform constant C > 0. This yields that(
∂
∂t
−∆Cω
)
(etϕ˙) = −trω
(
Ric(1,1)(Ω) + ω0
)
≥ −C.
This, together with the maximum principle, implies that ϕ˙ ≥ −(1 + t)e−t ≥ −Ce−t/2.
We can deduce that ϕ˙ converge uniformly to zero exponentially fast, and hence ϕ converge uni-
formly exponentially fast to a continuous limit function ϕ∞. From the higher order uniform
estimates of ϕ, it follows that ϕ∞ is smooth and
ϕ −→ ϕ∞
in smooth topology. Therefore, by passing to the limits in (7.5), we can deduce that the limit
metric ω∞ = −Ric(1,1)(Ω) +
√−1∂∂ϕ∞ satisfies
log
ωn∞
Ω
= ϕ∞.(7.9)
Taking
√−1∂∂ on the both sides of this equation, we get
Ric(1,1)(ω∞) = −ω∞,
as required.
Step 6 : We prove that ω∞ is independent of the initial metric ω0. Assume that the normalized
flow (7.1) starts at another almost Hermitian metric ω′0. The same argument as above implies
that there exists a smooth function ϕ′∞ such that
(−Ric(1,1)(Ω) +√−1∂∂ϕ′∞)n = eϕ
′
∞Ω, ω′∞ := −Ric(1,1)(Ω) +
√−1∂∂ϕ′∞ > 0.(7.10)
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Thanks to (7.9) and (7.10), we get
ω′n∞ = (ω∞ +
√−1∂∂φ)n = eφωn∞,(7.11)
where we denote φ := ϕ′∞ − ϕ∞. Applying the maximum principle to (7.11) shows that φ ≡ 0,
i.e.,
ω′∞ = ω∞,
as desired. 
8. An example
In this section, as an example, we study the flow (1.2) on the (locally) homogeneous manifolds in
more detail. We note that the flow (1.2) can be seen as a (p, q) flow given in [22] and hence we
can use the method in [22].
Let (M,J, ω0) be a compact almost Hermitian manifold whose universal cover is a Lie group G
such that if π : G −→M is the covering map, then π∗ω0 and π∗J are left invariant. For example,
we can take M = G/Γ, where Γ is a compact discrete subgroup of G, including solvmanifolds
and nilmanifolds. Then the solution to (1.2) on M is obtained by pulling down the corresponding
flow solution on the Lie group G, which stays left invariant. The flow (1.2) on G becomes an
ordinary differential equation for a family of almost Hermitian metrics ω(t) with respect to the
fixed complex structure J on the Lie algebra g of the Lie group G.
It is sufficient to consider the flow (1.2) on Lie group G. Since the Chern-Ricci form p of a left
invariant almost Hermitian metric ω defined by
p(X,Y ) = −1
2
tr J ad[X,Y ] +
1
2
tr ad J [X,Y ], ∀X, Y ∈ g
depends only on J (see for example [29] or [60, Proposition 4.2]), the flow (1.2) becomes
∂
∂t
ω(t) = −2p(1,1), ω(0) = ω0
with solution ω(t) given by
ωt := ω(t) = ω0 − 2tp(1,1).
We define
p(1,1) = ω0(P0·, ·) = ωt(P (t)·, ·),
which implies that
Pt := P (t) = (Id− 2tP0)−1P0.(8.1)
We call P0 (resp. Pt) the Chern-Ricci operator of ω0 (resp. ωt). It follows that the maximal
existence time T is given by
(8.2) T =
{ ∞, if P0 ≤ 0,
1/(2p+), otherwise,
where p+ is the maximal positive eigenvalue of the Chern-Ricci operator P0 of ω0.
Let p1, · · · , p2n of eigenvalues of P0 with the orthonormal basis e1, · · · , e2n, i.e.,
ω0(ei, ej) = δij , P0(eα) = pαeα, α = 1, · · · , 2n.
A direct calculation yields that the scalar curvature R(ωt) of ωt is given by
R(ωt) = trωtp
(1,1) = trPt =
2n∑
α=1
pα
1− 2tpα .(8.3)
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From (8.3), it follows that
d
dt
R(ωt) =
2n∑
α=1
2p2α
(1− 2tpα)2 ≥ 0.
This implies that R(ωt) is strictly increasing unless Pt ≡ 0, i.e., ωt ≡ ω0, and that the Chern
scalar curvature must blow up in finite singularities, i.e., if T <∞, then there holds∫ T
0
R(ωt)dt =∞.
Also we note that
R(ωt) ≤ C
T − t ,(8.4)
for a uniform constant C > 0. We remark that (8.4) is the claim of [37, Conjecture 7.7] for
the Ka¨hler-Ricci flow on general compact Ka¨hler manifolds (see [17] for the Chern-Ricci flow on
general compact Hermitian manifolds).
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